Analytical expressions for the flow field as well as for the effective slip length of a shear flow over a surface with periodic rectangular grooves are derived. The primary fluid is in the Cassie state with the grooves being filled with a secondary immiscible fluid. The coupling of both fluids is reflected in a locally varying slip distribution along the fluidfluid interface, which models the effect of the secondary fluid on the outer flow. The obtained closed-form analytical expressions for the flow field and effective slip length of the primary fluid explicitly contain the influence of the viscosities of the two fluids as well as the magnitude of the local slip, which is a function of the surface geometry. They agree well with results from numerical computations of the full geometry. The analytical expressions allow investigating the influence of the viscous stresses inside the secondary fluid for arbitrary geometries of the rectangular grooves. For classic superhydrophobic surfaces, the deviations in the effective slip length compared to the case of inviscid gas flow are are pointed out. Another important finding with respect to an accurate modeling of flow over microstructured surfaces is that the local slip length of a grooved surface is anisotropic.
Introduction
Flow over micro-or nanostructured surfaces, whose indentations are filled by a second immiscible fluid can be encountered in a number of applications. In the case of classic superhydrophobic surfaces, air is enclosed in between the water flowing over the surface and the surface itself. This situation is the key to many typical properties of such surfaces, like the inhibited wetting or the easy slipping of water along the surface. Other examples of flow along structured surfaces include porous media or membranes, which may be filled with an arbitrary secondary fluid. Generally, all situations where a fluid is in the Cassie state can be considered. In all these cases, the characteristics of the microstructures and the properties of the secondary fluid have a specific effect on the primary flow.
Usually, the surface indentations are numerous and not of the same scale as the overall geometry considered. These circumstances generally make a full numerical solution intractable and call for an effective boundary condition that describes the net effect of the structured surface on the flow. This boundary condition appears in the form of a Navier slip condition u| boundary = β eff ∂u ∂y boundary , (1.1)
where the effective slip length β eff represents the overall effect of the underlying surface on flow above it. In a way, the effective slip length can be understood to be inherent to the surface, including the fluid properties. Therefore, if determined once, it can be used in analytical calculations or numerical simulations, dramatically reducing their complexity and computational costs or making certain problems accessible at all. All these points make the effective slip length a parameter of utmost interest. However, explicit expressions for β eff are known only for a very limited number of cases. The oldest and best known expressions are due to Philip (1972a; 1972b) . He considered flow over mixed no-slip and no-shear conditions for various surface geometries. In the case of flow over a periodic array of no-shear stripes within a flat surface, he obtained for the transverse and longitudinal effective slip length
2)
with L being the period of the no-shear stripes and a the corresponding free-interface fraction. In this case, the longitudinal effective slip length is simply twice the transverse one. The no-shear condition is equivalent to a fluid of vanishing viscosity filling the surface corrugations. This provides an infinite local slip at the fluid-fluid interface (cf. Eijkel 2007) . Although such a fluid is obviously nonexistent, this assumption has been widely used in the modeling of water-air interfaces, for instance at superhydrophobic surfaces (Lauga & Stone 2003; Sbragaglia & Prosperetti 2007b; Davis & Lauga 2009; Crowdy 2010; Davis & Lauga 2010) . Indeed, the viscosity of air is very low compared to most other fluids, which makes the assumption reasonable in many practical cases. Even so, it has never been really verified. A no-shear boundary also implies that the structure of the surface underneath the fluid-fluid interface is insignificant. This might be true as long as this structure is large enough. For very thin films of the lubricating fluid, the thickness of the film may have an influence on the velocity profile close to the fluid-fluid interface. With the ongoing miniaturization of technological systems, the assumption of no-shear fluid-fluid interfaces becomes questionable. The problem of a finite local slip at the fluid-fluid interface has been addressed by Belyaev & Vinogradova (2010) . They consider a superhydrophobic surface as an array of stripes of constant local slip within a no-slip wall. A Fourier expansion of these boundary conditions leads to a so-called problem of dual trigonometric series (Sneddon 1966 (1.5)
Here, the constant local slip is called b BV , and a correspondingly is the fraction of the slipping interface. Clearly, Philip's results are an integral part of Belyaev & Vinogradova's equations. The corresponding relation between the transverse and longitudinal effective slip lengths, which has been investigated by , is not a simple doubling any more. As can be seen from the above equations, the transverse effective slip length can be obtained from the longitudinal equation by doubling the local slip and dividing the whole expression by a factor of two. Equations (1.4) and (1.5) are supposed to apply to superhydrophobic surface, however, it is not yet clear what value to choose for b BV for specific surfaces. Besides this, the local slip length at a superhydrophobic surface is rather expected to be a continuous function than a step-like function, exhibiting a jump in the local slip at the edges of the stripes. The slip of a superhydrophobic surface is actually an apparent slip (in the terminology of Lauga et al. (2005) ), which is determined by the hydrodynamics of the enclosed gas. The local behavior is therefore continuous, which has already been shown in the case of flow over a single groove filled with an arbitrary secondary fluid (Schönecker & Hardt 2013) . A jump in the local slip length at the edges of the grooves could only be provoked by an intrinsic slip, which is only of minor influence here.
Besides conventional superhydrophobic surfaces, other functional microstructured surfaces are currently under development. Instead of air being enclosed in the corrugations, also other materials like for instance oil could be employed, which promises an improved stability of the Cassie state against pressure (Wong et al. 2011) or enhanced electrical properties (Steffes et al. 2011) . The choice of an appropriate groove-filling medium provides the chance to specifically tailor the surface properties, for examples in terms of phobicity and philicity, not only with regard to water, but to any desired fluid.
In all these cases, the viscosities of the involved fluids are even more important than for a conventional superhydrophobic surface. Different viscosities should lead to a different local slip. In previous work, this effect has at most be treated qualitatively based on scaling arguments (Vinogradova 1995; de Gennes 2002; Ybert et al. 2007 ). It has not yet been described how viscosities contribute to the effective slip length of a structured surface.
If viscosity influences the effective slip length, so does the geometry of the surface structure. As already mentioned above, even for a gas filling the corrugations the geometry should affect the effective slip length anyway in certain cases, like those leading to a thin film of the lubricating fluid. The geometry influence is a further subject, which has not yet been systematically investigated.
Apart from the above mentioned work, other investigations of the effective slip length are mostly based on Fourier expansions, which have only been solved numerically (Wang 2003; Ng & Wang 2010 . They are generally restricted to perfect or constant slip and only provide asymptotic considerations or fits for the effective slip length in certain limiting cases as small free surface fractions (e.g. Sbragaglia & Prosperetti (2007a) ) or small solid interface fractions (e.g. Ng & Wang (2010) ). Hence a general theory, providing an explicit expression for the effective slip length as well as for the flow field and taking into account the influence of viscosity and surface structure is still lacking.
In this work, the flow over a periodic array of rectangular grooves as depicted in fig. 1 shall be considered. The grooves of width b, depth h and period L are filled with a fluid being immiscible with the fluid flowing over them. Analytical expressions for both the flow field and the effective slip length are derived for transverse and longitudinal flow with respect to the grooves. The effect of the grooves on the outer flow is modeled as a local slip, taking into account the viscosity ratio of the two fluids as well as the aspect ratio of the grooves. The results are relatively simple, yet accurate, closed-form equations, which predict the flow field and the effective slip length for any fluid-fluid interface fraction, viscosity ratio of the fluids and aspect ratio of the grooves. Moreover, these equations 
Mathematical description of the flow field and the effective slip length
In the following, first the basic mathematical structure describing the flow of fluid 1 over the surface is introduced. The results are exact solutions to a specific local sliplength distribution, which models the flow over a periodic array of rectangular grooves. The actual magnitude of the local slip length will be modeled in a second step. Both parts together yield a full description of the shear flow of a fluid moving over a periodic array of rectangular grooves filled with a second immiscible fluid. The results provide insight into the effective slip length of such surfaces in particular as well as into the calculation of the effective slip of patterned surfaces in general.
Transverse flow
As the first fundamental case, flow in transverse direction over an array of rectangular cavities of period L is considered. It is assumed that the Reynolds number is small enough to describe the flow by the Stokes equations. Then, the streamfunction Ψ, being related to the velocities u and v in the x and y directions, respectively, via
obeys the biharmonic equation
The flow shall be driven by a shear stress τ ∞ in the x direction at y → ∞, where the variations in the flow owing to the spatially changing boundary conditions will have equilibrated. Due to the symmetry of the problem, it is sufficient to look for a solution in the interval 0 x L/2, where L is the period of the grooves. The boundary conditions at the surface read
with the viscosity ratio of the fluids 1 and 2
and the local slip-length distribution γ t (x), representing the effect of the fluid movement in the grooves. Equation (2.3) can be understood as a Navier slip condition with a spatially varying local slip-length distribution
The boundary condition follows from the continuity of velocity and shear stress between both fluids at the fluid-fluid interface. The flow velocity and the shear stress of fluid 2 at the interface fulfill a relationship that can be interpreted as a Navier slip condition
The specific form of the local slip γ t (x) will follow from a consideration of its origin, that is the flow inside the groove. At this point, we may want to distinguish between molecular and apparent slip (for a review, e.g. see Lauga et al. (2005) ). The first one describes slip on the molecular level and is of the order of nanometers, while the latter may be due to effects like an enclosed gas, resulting in a local slip length of the order of the length scale of the surface features. Here it is assumed that the surface features are much larger than any hypothetical molecular slip length. Due to this difference in magnitude, a situation is considered, where the molecular slip is negligible. The apparent slip however is entirely described by the hydrodynamics of the fluid inside the grooves, and therefore accessible to an analysis. The concept of apparent slip is fully consistent with the continuity of the velocity field across the fluid-fluid interface, i.e. it is only an auxiliary concept, which is employed to compute the flow above the grooves. Its specific description is similar to previous work on the flow over a single groove (Schönecker & Hardt 2013) . In this case, an elliptical function of amplitude d t described the local slip-length distribution γ t (x) reasonably well, where d t was merely a function of the groove aspect ratio. In the current periodic case, an extended description has to be found. The no-slip condition at the wall requires γ t (b/2) = 0. For Stokes flow, the local slip length distribution furthermore takes a maximum value d t at the center of the cavities, i.e. γ t (0) = d t . So far, micro-or nanostructured surfaces have mainly been modeled on a rather abstract level, employing an either finite or infinite constant local slip. By considering the actual origin of the slip, the present consideration introduces a modeling of the local slip that represents its distribution in realistic situations much more closely.
To this aim, a general solution for the flow field and the effective slip length due to a specific local slip-length distribution γ t (x) is derived. Later, the magnitude d t of this distribution will be considered.
Flow field
The model equations (2.1)-(2.4) can be reformulated using complex analysis. A general solution to the biharmonic equation (2.2) is given by the Goursat theorem. For a flow over an impermeable wall, it takes the form (see Muskhelishvili 1975; Garabedian 1966; Philip 1972a )
with Re indicating the real part. The complex coordinate is
The Goursat function W t (z) is an analytic function to be determined.
In the boundary condition (2.3), the local slip-length distribution γ t (x) is to be specified. It has been shown that for a shear flow over a single groove the fluid-fluid interface can be modeled by a constant-shear-stress boundary condition (Schönecker & Hardt 2013) . For the single groove, this condition is equivalent to an elliptic local slip-length distribution. Correspondingly, flow over a periodic array of grooves is modeled as an array of constant-shear slots. In this case, the flow field can be described by a simple superposition technique. The boundary conditions of constant shear stress at the fluidfluid interface, no slip at the wall and a given shear stress far from the surface can be fulfilled with a superposition of a plain Couette flow and Philip's (1972a) solution for mixed no-shear and no-slip conditions.
In terms of the Goursat function W t (z) the superposition ansatz reads
with two constants C 1 and C 2 to be determined. The fluid-fluid interface fraction is denoted by a. The first term of eq. (2.10) represents a plain shear flow and contributes a constant shear stress everywhere on y = 0, while the second term is essentially Philip's (1972a) expression for a periodic array of no-shear slots between no-slip stripes. Under the conditions that the combined flow is driven by a shear stress τ ∞ far away from the surface and that the local slip length takes the value d t = 1 N u ∂u/∂y at the center of the cavities, both constants are readily determined.
The resulting solution for the transverse stream function is 1 + C t (2.12) abbreviating α = π 2 a (analogously to Philip (1972a) ) and
.
(2.13)
With equation (2.12), a closed-form analytical expression for the flow over a periodic array of patches with a local slip length γ t (x) is available. The constant-shear modeling of the cavities relates to a local slip-length distribution of
, (2.14)
ensuring also γ t (b/2) = 0. The distribution is characterized by a maximum value D t . This form of the local slip-length distribution represents a generalization of the single-groove case, involving the fluidic surface fraction a. As a → 0, i.e. in the single-groove limit, it exactly takes the elliptic form reported in Schönecker & Hardt (2013) .
It should be noted that the constant shear stress model and the resulting slip-length distribution represent assumptions that will be tested in subsequent sections. In a more rigorous sense this model can be viewed as a first step in an iteration scheme allowing to determine successively improved boundary conditions representing the coupling between fluid 1 and fluid 2, as outlined by Schönecker & Hardt (2013) .
Effective slip length
The analytical expressions for the flow field provide all information to determine the effective slip length. For this purpose we consider a uniform flow, which behaves like a plain shear flow along a wall with some effective slip β t
Requiring this shear flow to obtain the same velocity far from the wall as a flow over a structured surface u(x, y), linearity of the underlying equations leads to the condition
is the mean velocity at y = 0 (for a derivation, see Squires 2008) .
To evaluate the integral in eq. (2.17) it is necessary to use the integral relations derived by Philip (1972b) , however, with the superposition technique employed here, the effective slip length can be determined in an even more straightforward manner. Equation (2.12) shows that the shear flow part does not contribute to the slip length, since its velocity at y = 0 is zero, while the Philip part contributes with a factor of C t /(1 + C t ). The normalized slip length β * t = β t /L can therefore directly be written as 18) which is
(2.19)
Longitudinal flow
In the case of fluid flowing longitudinally over the grooves, the governing equation for the flow field is the Laplace equation
with the boundary conditions
Correspondingly, the flow is driven by a shear stress τ ∞ in the z direction at y → ∞. Due to periodicity only the interval between x = 0 and x = L/2 is considered. An analytic function W l (z) with the choice
fulfills the Laplace equation. Following the same superposition strategy as employed in the transverse case, a solution to the above problem can be written as
Determining the constants C 3 and C 4 such that the shear stress is τ ∞ at y → ∞ and that the normalized slip length is D l = d l /b at z = 0, the velocity becomes 25) or in a notation, where the mathematical principles and the correspondence to the transverse case are more obvious
τ∞b and
(2.27)
The local slip-length distribution
is also analogous to the transverse case.
Eventually, the effective longitudinal slip length is found as
(2.29)
Modeling of the maximum local slip length
It now remains to relate the local slip length to the specific surface structure. While the equations given so far are the exact response of an outer flow to a specific slip-length distribution, it is crucial to furthermore investigate the dependence of this slip-length distribution on the underlying geometry, that is to model D t and D l as a function of the groove aspect ratio of a rectangular groove and the fluidic interface fraction. At low Reynolds numbers of the flow inside the groove, the flow pattern of fluid 2 can be considered as independent of the viscosity ratio. It only depends on the surface geometry. For a single groove, the groove aspect ratio A is the main parameter of interest. For a periodic array of grooves, D t and D l are expected to be functions of the aspect ratio A as well as the fluidic interface fraction a. If a approaches 1, the flow can no longer be regarded as resulting from a superposition of independent cavities, but the cavities may have an effect on each other. At the same time, this regime is of great practical interest, as a high fluidic interface fraction naturally provides the highest effective slip. Consequently, it is important to adequately address this aspect. In the following, the maximum local slip length shall be parameterized as a function of A and a, starting with the longitudinal flow direction. Here, more appropriate analytical expressions are known than for the transverse direction, although the physical foundations of the parameterization are somewhat more comprehensible in the latter case.
Longitudinal flow
Based on investigations of lid-driven cavity flows (Pan & Acrivos 1967) , it has been shown that the dependence of the maximum local slip length D l on the aspect ratio A is governed by two physical regimes (Schönecker & Hardt 2013) . At low aspect ratios, D l increases nearly linearly with A, while reaching a plateau value when the cavity or groove becomes deeper than wide. For flow over a single groove, this behavior has been described well by an error function. Accordingly, the corresponding ansatz for the periodic case is
where the two coefficients d 0,l (a) and d 1,l (a) may now depend on the fluidic interface fraction. The former determines the plateau value at A → ∞, while, the latter controls the slope at low A.
Plateau regime
The height of the plateau extending from around A = 1 to A → ∞ can be determined from known expressions for the effective slip length in this limit. For any known β * l , equation (2.29) then yields the corresponding condition for D l .
When investigating flow over porous materials, Richardson (1971) reported the effective slip length for longitudinal single-phase flow over a periodic array of infinitely deep grooves as
For longitudinal flow, it has been assumed that the flow is symmetric in the z direction, meaning that the w velocity is decoupled from u and v. The longitudinal effective slip length values for a two-phase flow with N = 1 and single-phase flow are therefore equivalent and the above expression is fully transferable to the present situation. Equations (3.2) and (2.29) yield a functional dependence of the maximum longitudinal slip length on the fluidic interface fraction at A → ∞, stating
The magnitude of the maximum effective slip length for N = 1 is 4) and the variation of D l relative to its value at A → ∞ is abbreviated as f (a). Substitution of (3.3) into the ansatz (3.1) directly leads to the first coefficient
The second coefficient d 1,l (a) can be related to the behavior at low aspect ratios, specifically to the slope of D l with respect to A at A → 0. Bechert & Bartenwerfer (1989) discovered that the dependence of the longitudinal effective slip length of a single-phase flow over an array of infinitely thin plates on the depth of the plates is given by
This expression coincides with eq. (3.4) if A → ∞. Hence, with eq. (2.29) it immediately follows that at a = 1
In the opposing limit of a → 0, i.e. a single groove, the very shallow groove (A → 0) can be compared with a film flow in the lubrication limit. The lubrication approximation gives a slope of 1 for the local slip length as a function of A at A → 0. This value has been employed in the calculation of single-groove flow (Schönecker & Hardt 2013) , yielding very accurate results. Additionally, one may want to take into account the distribution of the local slip length for shallow cavities, which further enhances the accuracy of the model at low A. In the lubrication limit, the local slip length is a constant. In contrast, within the current framework, the local slip length is modeled as an ellipse. As was shown by Ybert et al. (2007) , in the limit of small slip, which is implied by A → 0, the global behavior of the flow is determined only by the mean local slip length, independent of its distribution. Hence, to assure a consistent mean local slip in this limit, the normalized maximum local slip length of an ellical distribution has to fulfill
The simplest model we can assume for the variation between these two limits is a linear dependency, i.e.
Despite the simplicity of this assumption, later it will become obvious that it captures the behavior at A → 0 sufficiently well. The second coefficient now follows from eq. (3.1), such that the full parameterization of the longitudinal maximum local slip length is
(3.10)
Transverse flow
The maximum local slip length for transverse flow is obtained via a similar procedure. Again, the ansatz is
Physically, the ansatz reflects the vortex pattern inside a groove or cavity. The increase of the error function with A at low aspect ratios represents the growth of the primary vortex with the depth of the groove. Starting from around A ≈ 1, gradually more vortices form at the bottom of the groove, while the position and size of the primary vortex remain essentially unaffected. Since for a purely apparent slip, the local slip can be expressed by the flow field close to the fluid-fluid interface, also the slip length saturates at high A, which is described by the plateau of the error function. This kind of vortex pattern is well known from lid-driven cavity flows (see Pan & Acrivos (1967) ; Joseph & Sturges (1978); Shankar (1993) ). Since due to the more complex governing equations the analytical calculation of transverse flow is mathematically much more intricate than that of longitudinal flow, there are no analytical expressions for the behavior of the effective slip length with the fluidic interface fraction available. However, an analogy to the longitudinal flow may be drawn.
It is assumed that for A → ∞, D t obeys the same behavior with respect to a as D l , that is
(3.12)
The magnitude of the maximum effective slip length β * t, N=1, max for N = 1 can for example be obtained from the work of Hocking (1976) . He considered transverse shear flow over an array of infinitely thin parallel plates. In this limit, the effective slip length was found to be β * t, N=1, max = 0.505 2π (3.13)
for N = 1. It is important to note that in Hocking's study indeed two different fluids with a flat fluid-fluid interface were considered. The resulting effective slip length is therefore somewhat smaller than that of a single-phase flow over the same geometry (Luchini et al. 1991; Hocking 1976) , where the the fluid streamlines may penetrate into the spaces between the plates. Hence, eq. (3.13) is applicable to the present situation and we can write
(3.14) The second coefficient again follows from the limit A → 0. If the dependence on a is again analogous to the longitudinal case, lubrication theory leads to 15) and the expression for the maximum local slip length becomes
(3.16)
Overall, the maximum local slip lengths (3.10) and (3.16) have been modeled heuristically. However, this description relies on physical arguments, not involving any numerical fitting procedures. In the limit of a → 0, the results for a periodically structured wall are consistent with those for a single groove (Schönecker & Hardt 2013) .
Results and discussion
With the mathematical expressions for the flow field and the effective slip length as well as the modeling of the maximum local slip length, the flow over an array of grooves is now fully described as a function of the groove aspect ratio, the fluidic interface fraction, and the viscosity ratio of the fluids flowing over and filling the grooves. . Such streamlines can be calculated for arbitrary fluidic interface fractions. The diagrams illustrate the change in the flow field, when a is increased from 0.3 to 0.9. The opposite situation, air flowing over water-filled cavities, may arise through capillary condensation of water in surface grooves, which is shown in fig. 2 (c) and (d) , again for fluidic interface fractions of 0.3 and 0.9. Indeed, the presence of water in the grooves changes the flow along the surface compared to a flat wall. However, this effect is relatively weak due to the small viscosity ratio of air and water. Therefore, it extends only over a region very close to the interface, as can be seen from the scales on the y axis in fig. 2 (c) and (d) . In all demonstrated cases, A = 1.
In order to verify the derived functional form of the flow field, numerical calculations have been performed with the commercial finite-element solver Comsol Multiphysics R for a range of parameters. In a periodic computatiional domain, which contains both the fluid above the surface and one groove with the second fluid, the Navier-Stokes equations have been solved for various viscosity ratios, aspect ratios and fluidic interface fractions. At a distance of 5L from the surface, the flow was driven by a shear stress τ . This is sufficiently far away from the surface for the flow field to be considered uniform. With τ = 0.1 N/m 2 it was ensured that the Reynolds number Re = u| x=0,y=0 bρ/η ≪ 1 for both fluids. The triangular mesh was strongly refined along the fluid-fluid interface and the wall to adequately resolve the changes in the flow field due the different boundary and transition conditions, respectively. The number of mesh elements varied with the considered values of a and A, starting from about 140000. With this, the numerical resolution is large enough to obtain virtually grid-independent results. After calculation of the flow field, the results were integrated to yield the stream function, whose isolines are also plotted in figs. 2 and 3.
In fig. 3 , the development of the flow field with increasing depth of the grooves is illustrated. With the aspect ratio A rising from 0.125 ( fig. 3 (a) ) to 2 ( fig. 3 (b) ), the streamlines are notably drawn closer to the surface, indicating an increase in velocity. This behavior is influenced by the viscosity ratio. The examples of fig. 3 correspond to a viscosity ratio of N = 1. For the fluids considered in fig. 2 , the flow field is much less sensitive to the change in aspect ratio. In the case of water flowing over air, the reduction in flow resistance is already so high at A = 0.125 that the further change when A = 2 is relatively small. In the opposite case, the relative change is bigger, although the absolute influence on the flow is very small due to the small value of N . This fact can also be understood from the equation for the stream function (2.12). N and A always enter the equation in combination as a part of the net local slip (2.6). The order of magnitude of In general, the mathematical structure of eq. (2.12) exhibits the parametric dependencies quite well. The full solution is a superposition of a Couette flow and Philip's classical solution, with the Couette flow contribution being ∼ 1/(1 + C t ), and the contribution of Philip's solution being ∼ C t /(1 + C t ). Depending on the order of magnitude of C t , one or the other term dominates. The parameter C t is of the order of N D t for basically all values of a. Then, the magnitude of N D t relative to 1 determines the behavior of the flow field. The same dependency applies to the effective slip length, as can be observed from eq. (2.18).
The agreement between the analytically and numerically calculated streamlines is excellent. Fig. 2 and 3 virtually span the whole range of viscosity ratios, demonstrating a good agreement everywhere. This is even true in close proximity to the fluid-fluid interface ( fig. 2 (c) ). The variation of the flow field with the A is also captured well, as demonstrated for A = 0.125 and A = 2 in fig. 3 and which is also true for more extreme or mid-sized values of A. Any deviations between the analytical and numerical results can only be observed for low viscosity ratios in extreme proximity to the interface with respect to the groove length scale. This is due to the behavior at the fluid-fluid interface itself, where the local slip-length distribution of the model may not fully match the actual distribution.
The situation directly at the interface between the two fluids at Y = 0 is shown in fig. (4) . For the two familiar examples of water flowing over air-filled grooves and air flowing over water-filled grooves, a comparison of the analytically and numerically calculated local slip length distributions is given in subfigures (a) and (b), and of the corresponding velocities in subfigures (c) and (d). The velocities are normalized with the maximum velocity at X = Y = 0 in Philip's case for the same fluidic interface fraction u p, max = τ∞ η1 L 2π Im(arccos(sec(α))). The results are very similar to those for a single groove (Schönecker & Hardt 2013) . The agreement between the analytically computed local slip length (eq. (2.14) with (3.16)) and the numerical value u 1 /(N ∂u 1 /∂y) is reasonably good. Considering that the choice of the the local slip distribution in the model is mathematically motivated, the agreement is quite remarkable. The similarity of the numerical results in fig. (4) (a) and (b) for viscosity ratios as different as in the chosen examples supports one of the main assumptions of the model, namely the existence of a universal local slip length distribution, which is characteristic to the geometry of the surface and independent of the involved fluids.
As discussed, the magnitude of the term N D t relative to 1 is responsible for the character of the flow field and hence for the accuracy of the model. Since the contribution of Philip's solution to the flow field behaves as ∼ N D t /(1+N D t ) for practically all values of a, a large value for N makes the overall flow insensitive to changes in the local slip length as long as the magnitude of N D t is much larger than 1 (subfigure (a) vs. (c)). This also explains why other studies of slip at conventional superhydrophobic surfaces obtained reasonable results despite employing different local slip-length distributions or magnitudes (see e.g. Mongruel et al. 2013) . Furthermore, it is interesting to note that the integral values of the analytically and numerically calculated slip lengths and velocities are always consistent, which assures a good accuracy of the far-field behavior of the flow field as well as of the effective slip length. As the effective slip length is a far-field effect, or alternatively interpreted, an effect only determined the mean velocity at Y = 0 (cf. eq. (2.16)), it is expected that also this quantity is accurately predicted.
Overall, the expression for the stream function (2.12) with local slip length (2.14) of magnitude (3.16) is excellently suited to represent the effect of rectangular grooves on the transverse flow above them, for a fluid of any viscosity filling the grooves, for any surface coverage of the grooves, as well as any aspect ratio. The analytical results are accurate as well as simple at the same time.
Effective slip length
The transverse effective slip length has also been investigated for different parameter combinations. Fig. 5 (a) shows the evolution of β * t with the fluidic interface fraction a at an exemplary value of A = 1. The differently dashed lines correspond to a variety of viscosity ratios, where N = 56 stands for the special case of water flowing over airfilled grooves and N = 0.02 for the reverse case. While Philip's solution for perfectly slipping stripes tends to infinity as a → 1, eq. (2.19) leads to finite values, depending on the respective viscosity ratio of the two fluids. For the same values of N , fig. 5 (b) shows the variation of β * t with the aspect ratio A at a = 0.5. With increasing A, β * t first also increases and then saturates at its final value for the respective viscosity ratio N . The higher the viscosity ratio, the earlier this final value is achieved. Superhydrophobic surfaces, as with N = 56, obviously do not need to exhibit deep grooves to provide a considerable slip. Already at A = 0.25, the maximum value is virtually reached. This is interesting from the viewpoint of surface design. Surface structures with an aspect ratio greater than 1 are usually hard to manufacture, so it is advantageous if they can be avoided. There might be other reasons to choose an aspect ratio greater than 0.25, like the prevention of a Cassie-to-Wenzel transition, but in terms of slip, no significant further gain can be achieved.
To compare with the analytical model, the effective slip length was also extracted from the numerical calculations described above using eq. (2.16). The agreement between the analytical and numerical results is very good over the complete range of viscosity ratios and aspect ratios, as can be observed from fig. 5. 
Longitudinal flow
For longitudinal flow over a periodic array of grooves, the variation of the velocityw with the fluidic interface fraction is depicted in fig. 6 , again for a conventional superhydrophobic surface (subfigures (a) and (b)) and its reverse configuration(subfigures (c) and (d)). Numerical solutions of the Laplace equation were again computed with Comsol Multiphysics R and are shown with dashed lines in the same figure. All other conditions, e.g. computational domain and mesh, are analogous to the transverse configuration. The agreement between analytical and numerical results is very good. At Y = 0 and in very close vicinity to this line, small local deviations but integral agreement can be observed, similar to the transverse case. Note that in subfigure (d) the Y axis is scaled to a region very close to the interface. The variation of the flow field with the aspect ratio of the grooves is also analogous to the transverse case. In total, a longitudinal flow over a periodic array of rectangular grooves containing a second immiscible fluid is well characterized by eq. (2.26) and (3.10) over the whole range of parameters.
This fact is also obvious from the results for the longitudinal effective slip length ( fig. 7) . Consistently, analytical and numerical results agree very well. Compared to the transverse slip length, the longitudinal effective slip length is generally slightly more than twice as large. An exact factor of two occurs in the case of a perfectly slipping fluid-fluid interface. The general behavior of the longitudinal effective slip length with varying fluidic interface fraction and aspect ratio is similar to the transverse case.
Finally, it should be noted that for N = 1 the equations for longitudinal flow also apply to single-phase flow, e.g. the flow of air or water along an obstacle. This is not the case for transverse flow, where the streamlines may cross the line y = 0 in single-phase flow.
Relation to existing solutions
To the best of the authors' knowledge, for the first time expressions for the flow field and the effective slip length have been derived specifically containing the viscosities of the involved fluids and information about the shape of the surface features. Despite this complexity, the equations are closed analytical expressions. Compared to generally employed Fourier series expansions, where infinite sums have to be evaluated (e.g. Wang (2003) ), this has great advantages in the handling of the equations. Furthermore, the influence of the various parameters, like the viscosity ratio or the fluidic interface fraction, is directly exhibited. At the same time, the equations are very accurate, so that the effective slip length of a surface with rectangular grooves can be calculated extremely precisely over the whole range of parameters. This allows the effective slip length to be used in numerical simulations of multiscale problems, where it strongly reduces the computational complexity while giving the opportunity of performing parameter variations, e.g. in optimization problems. The modeling of the local slip length is based on physical considerations. There are no numerical fitting procedures or even tunable parameters involved.
In the limit of an inviscid fluid in the grooves, i.e. N → ∞, the equations for the flow field (2.12) and (2.26) as well as those for the effective slip length (2.19) and (2.29) reduce to the known expressions of Philip (1972a) for an array of no-shear slots in a no-slip wall. This case corresponds to an infinite net local slip length Γ net,local = N γ, and is consistent. Besides Philip's results, it is interesting to compare the equations for the effective slip length (2.19) and (2.29) to the equations of Belyaev & Vinogradova (2010) (1.4) and (1.5). In this work, the authors aim at describing a superhydrophobic surface with a constant local slip length at the air-water interfaces. This slip length, which is termed b BV here, is of unspecified magnitude.
Remarkably, when choosing the local slip of Belyaev & Vinogradova (2010) to be b BV = N d t and N d l , respectively, equations (1.4) and (1.5) exactly coincide with the present effective slip equations (2.19) and (2.29). This value for b BV is just the maximum of the net local slip of the model presented in this article.
Several consequences can be deduced from this relationship. Firstly, the results of Belyaev & Vinogradova (2010) are in principle confirmed, since by appropriately selecting b BV they can be rendered equivalent to equations (2.19) and (2.29), which were obtained on a completely different way. Secondly however, the connection between both equations sheds light on the significance of the simplifications made by Belyaev & Vinogradova (2010) . Starting from a constant local slip distribution, a certain term in their eq. (2.19) was discarded in the course of the calculation. Obviously, the neglected term just represents the difference between a constant and a curved local slip distribution, both of maximum value b BV . Thus, the equations of Belyaev & Vinogradova (2010) in fact correspond to a local slip length of the form of γ t/l (x), given in eqs. (2.14) and (2.28), with maximum value b BV instead of a constant local slip of the same magnitude. This fact also explains why Belyaev & Vinogradova (2010) observe a slight underestimation of the effective slip length when comparing their results to numerical calculations based on a constant local slip length.
On the ideality of a superhydrophobic surface
As already introduced at the beginning of this article, the air-water interface of a superhydrophobic surface has often been modeled as a no-shear condition. This assumption suggests itself, since the viscosity of the enclosed air is very low. However, up to now its accuracy has not been verified.
The equations for the effective slip length (2.19) and (2.29), together with the magnitude of the local slip length (3.16) and (3.10), now allow investigating the accuracy of the no-shear assumption. In fig. 8 , the relative error in the effective slip length, when the air-water interface of a surface with rectangular grooves is assumed to be perfectly slipping (β * P − β * )/β * is shown in percent, both for transverse and longitudinal flow. β * P is Philip's solution for the normalized effective slip length. Naturally, the no-shear assumption leads to an overestimation of the effective slip length. For large aspect ratios of the grooves, i.e. deep grooves, and a low surface coverage of the slipping areas, this overestimation is moderate. It stays within reasonable limits for a significant range of A and a, with a better agreement in the longitudinal case. The minimum deviation between the effective slip of a superhydrophobic surface and Philip's surface is about 3.6 % for the transverse case and 2.6 % for the longitudinal case.
Still, towards low aspect ratios as well as at high fluidic interface fractions, the error increases rapidly. At low aspect ratios, film flow occurs inside the grooves. Then, the gradient of the water velocity ∂u 1 /∂y at the interface gets influenced by the thickness of the film. At high fluidic interface fractions, Philip's effective slip length tends to infinity, which is obviously not the case for any real fluid filling the grooves. This strong growth of β * P with a apparently leads to a rapidly increasing overestimation for fluidic interface fractions close to 1. At the same time, fluidic interface fractions close to 1 are the technically most relevant. Therefore, we can conclude that the classical model for slip on superhydrophobic surfaces is inaccurate especially for one of the key scenarios currently studied. The structure of the mathematical description of the flow field and the effective slip length in section 2 already indicates a formal relation between transverse and longitudinal flow. In fact, a relation between transversal and longitudinal flow directly follows from the Goursat theorem.
In their entirety, the boundary conditions (2.3) and (2.4) for transverse flow and (2.21) and (2.22) for longitudinal flow over an array of grooves read in terms of Goursat functions
Both W t and W l are analytic functions, hence they obey the Laplace equation and the solution is fully defined by the boundary conditions. From the above equations, it is obvious that if there existed a longitudinal flowŵ = Im(Ŵ l ) with a local slip length ofγ l (x) = 2γ t (x), which is driven by a shear stress of τ ∞ = τ ∞ /4, then the transverse and longitudinal Goursat functions would be equal. The transverse flow is thus mathematically connected to a longitudinal flow of double local slip and one fourth of the driving shear stress. Since the system is linear, the Goursat theorem (2.8) gives
(6.7)
The notation w| γ l (x)=2γt(x) shall indicate that the longitudinal velocity w is driven by a shear stress of the same magnitude as the transverse flow, i.e. τ ∞ , but the local slip is substituted as indicated. The velocity components of the transverse flow can be calculated from the stream function via the usual relations. Specifically, at y = 0
The corresponding evaluation of the effective slip length (2.16) yields
Hence, the transverse effective slip length is equal to one half of the longitudinal effective slip length corresponding to a local slip distribution, which is twice the transverse one. Despite illustrated here using the boundary conditions representing a periodic array of grooves, equations (6.7), (6.8) and (6.9) are valid for an arbitrary local slip distribution as long as the flow field is two-dimensional. The argumentation is merely based on Goursat's theorem, which is not restricted to any specific kind of boundary condition.
The mathematical form of the relations (6.7), (6.8) and (6.9) is the same as already derived by . While their results were obtained through Fourier series expansions, here the relations are based on Goursat's theorem and confirm Asmolov & Vinogradova's equations.
However, there is one significant difference in the basic assumptions leading to the above relations. Asmolov & Vinogradova's derivation is based on a surface that exhibits the same local slip in both transverse and longitudinal direction. In this case, their equations corresponding to (6.7) to (6.9) relate transverse and longitudinal flow over the same surface.
In fact, it has been shown in this article, for example in the equations for D t (3.16) and D l (3.10), that for a grooved surface, the transverse and longitudinal local slip lengths are different. Hence, for such surfaces, the local slip length itself is anisotropic.
It is thus important to understand that in general the relations (6.7) to (6.9) do not describe a connection between transverse and longitudinal flow over the same surface, but relate the transverse flow to a longitudinal flow over another hypothetical surface. It may therefore not be sufficient to only consider longitudinal flow along a surface and to deduce the transverse case form this solution, as sometimes suggested in the literature. The relations (6.7) to (6.9) are in fact a method for a convenient calculation of the velocity field and slip length when the two-dimensional flow is governed by the biharmonic equation. They can reduce the mathematical effort significantly, since a solution of the Laplace equation is much less complicated than a solution of the biharmonic equation.
An anisotropic local slip also has consequences on the modeling of flow in various directions along patterned surfaces. Several authors have worked on mobility tensors, representing the effective slip length in arbitrary directions along a surface patterned with areas of local slip (Kamrin et al. 2010; Kamrin & Stone 2011; Zhou et al. 2012; Schmieschek et al. 2012; Asmolov et al. , 2013 or on the effective slip length in different directions along patterned surfaces (Belyaev & Vinogradova 2010; Feuillebois et al. 2010; Mongruel et al. 2013) . In all of these investigations, an isotropic local slip length is the usual assumption. This is partly, because solely the general mathematical problem is considered, but often the local slip pattern is supposed to represent a superhydrophobic surface or a surface of specific morphology.
For the mathematical modeling of specific physical surfaces, it is essential to distinguish the origin of the local slip. If the local slip is of intrinsic nature, it can be regarded as a material property. In this case, it may be isotropic. It can also be a constant and exhibit jumps at the edges of the material patches. If, in contrast, the local slip is an apparent slip due to a fluid enclosed in the surface corrugations, it is determined by the local hydrodynamics. In that case, it is a continuous function, which will usually be anisotropic, depending on the actual geometry. Of course, also combinations of these cases may occur.
So far, in the investigation of slip, usually only the fluid above the surface has been taken into account. When microstructured surfaces are addressed, where one fluid is in Cassie state, also the effects occurring "below the surface" should be considered.
Conclusions
This article is concerned with the modeling of flow past a periodic array of rectangular grooves that contain a second immiscible fluid. Such surfaces occur in numerous practical applications, for example when water flows along a superhydrophobic surface or for flow over porous media or membranes. Such flows scenarios are especially attractive technologically, as upon appropriate design they promise a significant reduction of the flow resistance of a surface and may therefore give rise to the development of energy-efficient surface structures.
Via a superposition technique, a model for transverse and longitudinal flow over such surfaces has been derived. The flow of the secondary fluid within the grooves is heuristically modeled and coupled to the flow over the surface by the local slip-length distribution. As a special case, the flow field over a single groove, which has been considered earlier (Schönecker & Hardt 2013) , is exactly reproduced. So far, comparable expressions for the flow field over similar surfaces have only been derived for certain special cases like an infinite local slip or in terms of an infinite series for single-phase flow. In contrast, the present theory is a unified, closed-form description for two arbitrary Newtonian fluids. From the solution for the flow field, explicit analytical equations for the transverse and longitudinal effective slip length are derived. For the first time, they relate the effective slip length to the viscosities of the involved fluids, as well as to the geometry of the grooves. The equations for the longitudinal flow field and effective slip length are equally valid for single-phase flow, which might be of interest in aerodynamics. As comparisons with numerical calculations show, the derived equations are very accurate over the entire range of the governing parameters. In particular, these parameters are the viscosity ratio of the fluids, the aspect ratio of the grooves and the fluid-fluid interface fraction, the influence of which has been illustrated. Notably, no tunable fitting parameters are involved in the modeling, but the individual steps rely on physical argumentation.
From the model equations, an expression is derived that relates the transverse effective slip length to that of a longitudinal flow over a similar surface. As a consequence, the mathematical effort when calculating effective slip lengths can be significantly reduced. In this context, it is essential that the local slip length of a grooved surface is in fact anisotropic. This point does not seem to have been acknowledged in the literature; however, it is important for the calculation of the effective slip length as well as for the design of realistic surfaces. Furthermore, the equations for the effective slip length allow an as-sessment of the common practice to model the air-water interface of a superhydrophobic surface as perfectly slipping.
Overall, the equations presented could enable further investigations of slippage along structured surfaces. It is conceivable that a similar modeling strategy can also be applied to alternative geometries, like u-shaped or triangular grooves. Additionally, the presented method of superposition can be used to generalize results in other channel geometries, such as the results given by Philip (1972a,b) for circular pipes or planar channels having walls with perfect slip and no-slip boundary conditions. The introduced modeling procedure also allows considering different groove geometries, which leaves room for various future investigations. One especially relevant case is briefly illustrated here: longitudinal flow over grooves, whose ends are closed. In microfluidic applications, one will preferentially investigate longitudinal configurations of grooves, since they promise more slip than transverse configurations. However, it will not always be possible or desirable to allow for an in-and outflow of fluid in the grooves. This would in fact be necessary to assure a flow of the groove-filling medium in only one direction. If, in contrast, the fluid is contained in grooves with closed ends, there will always have to be a backflow due to mass conservation. Obviously, this backflow reduces the maximum slip to be expected compared to unidirectional flow. Hence, this scenario is of great practical interest, but has not been treated theoretically so far.
As a basic assumption, the grooves are considered to be much longer than wide, so that the effects at their ends may be neglected and a lubrication approximation can be applied. From this, it follows that in the limit of A → 0, the slope of the maximum local slip length D l, b for longitudinal flow with backflow behaves like in the transverse case.
Therefore, the maximum local slip length for longitudinal flow over grooves with closed ends can be written analogously to the transverse case as In the previous cases, the prefactor was the normalized maximum effective slip length at a viscosity ratio of unity, i.e. β * t, N=1, max and β * l, N=1, max , respectively. Here, for A → 0, the prefactor is just the arithmetic mean of these two values, while for A → ∞ the grooves are so deep that they can accommodate any backflow. Hence, the prefactor becomes identical to that of longitudinal flow with open ends. The description of the local slip length (A 1) and (A 2) can simply be employed as an input to the equations for the longitudinal flow and effective slip length.
Overall, the effective slip length for longitudinal flow over grooves with closed ends approaches its maximum at much larger values of A than the same flow over open grooves. This can be seen in fig. 9 where the effective slip length for these two scenarios is compared, using the example of air flowing over water-filled grooves (N ≈ 0.02). For shallow grooves, the longitudinal slip over closed grooves and the transverse slip are nearly identical. All these points need to be taken into account when designing microstructured surfaces for slip applications. Fig. 9 also shows very good agreement of the analytical slip calculation with numerical results. For other viscosity ratios, the agreement between analytical and numerical calculations is equally good. The numerical computations were again performed with Comsol as a two-dimensional problem in the x-y plane. The condition for backflow is a mass balance in the z direction in the sense of lubrication theory, requiring the flow into and out of the x-y plane to be equal. This condition was implemented as a global constraint groove w 2 dxdy = 0 , which includes the consideration of the pressure gradient inside the grooves.
